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PARASASAKIAN MANIFOLDS WITH CONSTANT
PARAHOLOMORPHIC SECTIONAL CURVATURE
SIMEON ZAMKOVOY
Abstrat. In this paper paraSasakian manifolds with onstant paraholomorphi
setional urvature are onsidered.
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1. Introdution
A Riemannian manifold is said to admit the axiom of planes if there exists a
2-dimensional totally geodesi submanifold tangent to any 2-dimensional setion at
every point of the manifold. It is said to admit the free mobility if there exists an
isometry whih arries any point and any frame attahed to the point to any other
point and any other frame attahed to the point [2℄.
It is well known that a Riemannian manifold satises the axiom of planes or
the free mobility if and only if it is of onstant urvature [2℄. A similar result for
omplex manifolds is proved in [11℄. More preisely, a Kähler manifold with onstant
holomorphi urvature admits either of the so-alled axiom of holomorphi planes
and the holomorphi free mobility, and onversely. For a para-Kähler manifold, the
onept of paraholomorphi free mobility and the axiom of paraholomorphi planes
are given in [4, 10℄.
Some results on manifolds with onstant nonvanishing paraholomorphi setional
urvature are given in [1℄ and [4℄. The general expression for the metri and the
almost produt struture of the para-Kähler spae form in normal oordinates is
given in [3℄.
Date: 1st November 2018.
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The geometry of almost ontat manifolds is a natural extension of the almost
Hermitian geometry in the odd dimensional ase. Almost ontat manifolds satisfy-
ing the the axiom of planes or the axiom of free mobility are onsidered in [9℄. It
is proved that a Sasakian manifold satises the axiom of C-holomorphi planes or
the one of C-holomorphi free mobility if and only if it is of onstant C-holomorphi
urvature. Similarly, the geometry of almost paraontat manifolds is a natural
extension of the almost paraHermitian geometry in the odd dimensional ase [13, 5℄.
A paraontat metri manifold M is a (2n+1)-dimensional manifold equipped
with a 1-form η, a tensor eld ϕ of type (1, 1), a vetor eld ξ satisfying η(ξ) = 1,
ϕξ = 0 and ϕ2 = id − η ⊗ ξ, and a ompatible metri g satisfying g(ϕX,ϕY ) =
−g(X,Y ) + η(X)η(Y ) and g(X,ϕY ) = dη(X,Y ), where dη(X,Y ) = 12 (Xη(Y ) −
Y η(X) − η([X,Y ])). The manifold M (2n+1)(ϕ, ξ, η, g) is said to be a paraSasakian
manifold if in addition Nϕ(X,Y ) = 2dη(X,Y )ξ, where
Nϕ(X,Y ) = [ϕX,ϕY ]− ϕ[ϕX,Y ]− ϕ[X,ϕY ] + ϕ
2[X,Y ].
An example of paraontat metri manifold take the hyperboli Heisenberg group
H
2n+1 = R2n × R [5℄, where the group law is given by
(p′′, t′′) = (p′, t′) ◦ (p, t) =
(
p′ + p, t′ + t −
n∑
k=1
(u′kvk − v
′
kuk)
)
,
for p′, p ∈ R2n, t′, t ∈ R, p = (u1, v1, . . . , un, vn) and p
′ = (u′1, v
′
1, . . . , u
′
n, v
′
n).
Take Uk =
∂
∂uk
+ vk
∂
∂t
, Vk =
∂
∂vk
− uk
∂
∂t
, ξ = 2 ∂
∂t
as a basis of left-invariant ve-
tor elds. Dene ηH2n+1 =
1
2dt +
1
2
∑n
k=1(ukdvk − vkduk), the tensor eld ϕ of
type (1, 1) by ϕUk = Vk, ϕVk = Uk,ϕξ = 0 and the pseudo-Riemannian metri
g = ηH2n+1 ⊗ ηH2n+1 +
∑n
k=1((duk)
2 − (dvk)
2) = dηH2n+1(·, ϕ·). Then the vetor
elds {U1, ...Un, V1...Vn, ξ} form an orthonormal basis for the paraontat metri
struture, g(Ui, Ui) = −g(Vi, Vi) = 1 = g(ξ, ξ), i = 1, .., n. It is easy to hek that
Nϕ − 2dη ⊗ ξ = 0 and hene the paraontat metri struture is a paraSasakian
struture.
As another example [5℄, take {x0, y0, . . . , xn, yn} to be the standard oordinate
system in R
2n+2
. The standard para-Kähler struture (I, g) is dened by
I
∂
∂xi
=
∂
∂yi
, I
∂
∂yi
=
∂
∂xi
, g(
∂
∂xi
,
∂
∂xj
) = −g(
∂
∂yi
,
∂
∂yj
) = δij , g(
∂
∂xi
,
∂
∂yj
) = 0,
where i, j = 0, ..., n. The Levi-Civita onnetion preserves the fundamental 2-form
dened by g(·, I·). Consider the hypersurfae
H
2n+1
n+1 (1) = {(x0, y0, . . . , xn, yn) ∈ R
2n+2 | x20 + · · ·+ x
2
n − y
2
0 · · · − y
2
n = 1}.
H
2n+1
n+1 (1) arries a natural paraontat metri struture inherited from the stan-
dard embedding in the para-Kähler manifold (R2n+2, I, g). We take
η
H
2n+1
n+1 (1)
=
n∑
j=0
(xjdyj − yjdxj)
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noting that here N =
∑n
j=0
(
xj
∂
∂xj
+ yj
∂
∂yj
)
is the unit normal vetor eld and
ξ = IN =
∑n
j=0
(
xj
∂
∂yj
+ yj
∂
∂xj
)
. For any vetor eld X tangent to H2n+1n+1 (1) we
put ϕX = IX − η
H
2n+1
n+1 (1)
(X)N . Then we have ϕ2X = X − η
H
2n+1
n+1 (1)
(X)ξ, ϕξ = 0,
η
H
2n+1
n+1 (1)
(ϕX) = 0 and η
H
2n+1
n+1 (1)
(X) = g(ξ,X). The hyperboloid H2n+1n+1 (1) is a
totally umbilial hypersurfae with the seond fundamental form equal to minus
identity, so we obtain a paraSasakian struture, dη
H
2n+1
n+1 (1)
(X,Y ) = g(X,ϕY ).
The above onstrution does not work for hyperboloids H
2n+1
n+1 (r) for r dierent
from 1. In fat, for suh hyperboloids we shall obtain a paraontat metri struture,
but dη
H
2n+1
n+1 (r)
would be equal to
1
r
g(·, ϕ·). However this aw ould be retied by a
D-homotheti transformation (see 2.5 below).
The main purpose of this artile is to prove the following
Theorem 1.1. Let M(ϕ, ξ, η, g) be a (2n+1)-dimensional (n > 1) onneted, simply
onneted paraSasakian manifold with onstant paraholomorphi setional urvature
k.
i). If k = 3, then M is loally isomorphi to the hyperboli Heisenberg group
H
2n+1
;
ii). If k 6= 3, then M is loally isomorphi to the hyperboloid H(k), obtained
from H
2n+1
n+1 (1) through D-homotheti transformation, for whih ηH(k) =
−
4
k − 3
η
H
2n+1
n+1 (1)
.
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2. Paraontat metri manifolds
A smooth pseudo-Riemannian manifoldM (2n+1) is said to be a paraontat metri
manifold if it is equipped with a tensor eld ϕ of type (1, 1), a vetor eld ξ, a 1-form
η and pseudo-Riemannian metri g satisfying the following ompatibility onditions
(i) ϕ(ξ) = 0, η ◦ ϕ = 0,
(ii) η(ξ) = 1 ϕ2 = id− η ⊗ ξ.
(iii) g(ϕX,ϕY ) = −g(X,Y ) + η(X)η(Y )
(iv) g(X,ϕY ) = dη(X,Y ),
(2.1)
where dη(X,Y ) = 12(Xη(Y )− Y η(X) − η([X,Y ]).
Let D = Ker η be the horizontal distribution generated by η. The tensor eld ϕ
indues an almost paraomplex struture on eah bre on D.
Reall that an almost paraomplex struture on a 2n-dimensional manifold is a
(1,1)-tensor J suh that J2 = 1 and the eigensubbundles T+, T−, orresponding to
the eigenvalues 1,−1 of J respetively, have equal dimension n.
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The Nijenhuis tensor NJ of J , given by NJ(X,Y ) = [JX, JY ] − J [JX, Y ] −
J [X,JY ] + [X,Y ], is the obstrution for the integrability of the eigensubbundles
T+, T−. If NJ = 0 then the almost paraomplex struture is alled paraomplex or
integrable.
We reall that the paraontat metri manifold M (2n+1)(ϕ, ξ, η, g) is said to be a
paraSasakian manifold, if Nϕ(X,Y ) = 2dη(X,Y )ξ.
Remark 2.1. [13℄ A paraontat metri manifold M2n+1(ϕ, ξ, η, g) is paraSasakian
if and only if
(2.2) (∇Xϕ)Y = −g(X,Y )ξ + η(Y )X,
where ∇ denotes the ovariant dierentiation with respet to the Levi-Civita on-
netion determined by g.
Sine D is orientable by the paraomplex struture ϕ, the manifoldM is orientable
exatly when the anonial line bundle E = {η ∈ Λ1 : Ker η = D} is orientable.
Any two ontat forms η¯, η ∈ E are onneted by
(2.3) η = αη,
for some non-vanishing positive smooth funtion α on M .
LetM2n+1(ϕ, ξ, η, g) be a paraontat metri manifold. We onsider a paraontat
form η = αη and dene the struture tensors (ϕ, ξ, g) orresponding to η using the
ondition:
(⋆) For eah point x of M , the ation of ϕ and ϕ are idential on Dx
Under ondition (⋆) the transformation η → η = αη indues a transformation of
the struture tensors by
(i) ξ = 1
α
(ξ + ζ), ζ = − 12αϕX(α),
(ii) g(X,ϕY ) = g(X,ϕY ) + 12α (X(α) − ξ(α) · η(X))η(Y ),
(iii) g(X,Y ) = α(g(X,Y )− η(X)Y (ζ)− η(Y )X(ζ)) + α(α − 1 + |ζ|2)η(X)η(Y ).
(2.4)
We all the transformation of the struture tensors given by (2.4) a gauge trans-
formation of paraontat pseudo-Riemannian struture (or paraontat onformal
transformation)[13℄. When α is onstant the transformation is said to beD-homotheti.
More expliitly a D-homotheti transformation is dened by
(2.5) ϕ = ϕ, ξ =
1
α
ξ, η = αη, g = αg + (α2 − α)η ⊗ η, α = const > 0.
Theorem 4.8 in [13℄ shows that the D-homotheti transformations preserve the
paraSasakian struture.
Denition 2.2. [13℄ A paraontat struture (η, ϕ, ξ) is said to be integrable if the
almost paraomplex struture ϕ|D satises the onditions
(2.6) Nϕ(X,Y ) = 0, [ϕX,Y ] + [X,ϕY ] ∈ Γ(D) X,Y ∈ Γ(D).
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Denition 2.3. [5℄ A paraontat manifold with an integrable paraontat struture
is alled a para CR-manifold.
In order to prove the main theorem we shall need the notions of the anonial
paraontat onnetion ∇˜ and of the tensor eld h dened in [13℄. Let M be a
paraontat metri manifold. We dene
(2.7) h =
1
2
£ξϕ
(2.8) ∇˜XY = ∇XY + η(X)ϕY + η(Y )(ϕX − ϕhX)+
+g(X,ϕY ) · ξ − g(hX,ϕY ) · ξ,
where X,Y ∈ Γ(TM).
The tensor eld h has the properties:
(2.9) ∇Xξ = −ϕX + ϕhX, ϕh+ hϕ, trh = hξ = 0, X ∈ Γ(TM).
The torsion of the onnetion ∇˜ is given by
T (X,Y ) = η(X)ϕhY − η(Y )ϕhX + 2g(X,ϕY )ξ, X, Y ∈ Γ(TM).(2.10)
On a paraontat metri manifold the onnetion ∇˜ has the properties
(2.11)
∇˜η = 0, ∇˜ξ = 0, ∇˜g = 0,
(∇˜Xϕ)Y = (∇Xϕ)Y + g(X − hX, Y )ξ − η(Y )(X − hX),
T (ξ, ϕY ) = −ϕT (ξ, Y ), Y ∈ Γ(D) or Y ∈ Γ(TM)
T (X,Y ) = 2dη(X,Y )ξ = 2g(X,ϕY ), X, Y ∈ Γ(D),
where T (ξ, Y ) = h(Y ) is the horizontal part of the torsion and T (X,Y ) = 2dη(X,Y )ξ
is the vertial part of the torsion.
For example, the hyperboli Heisenberg group is at with respet to the anonial
paraontat onnetion.
The urvature tensor R˜ = [∇˜, ∇˜] − ∇˜[,] of ∇˜ is related to the urvature R =
[∇,∇]−∇[,] of the Levi-Civita onnetion by
(2.12) R˜lijk = R
l
ijk +∇iϕ
l
kηj −∇jϕ
l
kηi + 2ϕijϕ
l
k − ϕ
l
s∇jξ
sηiηk + ϕ
l
s∇iξ
sηjηk+
+ξl∇iηsϕ
s
kηj − ξ
l∇jηsϕ
s
kηi − ξ
lRsijkηs − ηkR
l
ijsξ
s +∇jηk∇iξ
l −∇iηk∇jξ
l.
Consequently, for the Rii tensors r˜ of ∇˜ and r of ∇ we obtain
(2.13) r˜jk = rjk − 2gjk + 2ηjηk − rjsηkξ
s −Rjsrkξ
sξr −∇rηk∇jξ
r.
The anonial paraontat onnetion ∇˜ preserves the strutural tensors g, ξ and
η. However it does not preserve the tensor ϕ. More preisely we have (Theorem 4.10
[13℄):
∇˜ϕ = 0 ⇐⇒ M is para CR-manifold.
Let us requireM to be a paraSasakian manifold. Aording to [13℄, we have h = 0.
Now, from Remark 2.1, h = 0 and the equalities (2.11), we obtain
(2.14) ∇˜η = 0, ∇˜ξ = 0, ∇˜g = 0, ∇˜ϕ = 0.
6 SIMEON ZAMKOVOY
Hene, M is a para CR-manifold.
Theorem 4.11 in [13℄ shows that the horizontal part (T (ξ, Y ) = h(Y ) (for Y ∈
Γ(D)) of the torsion vanishes if and only if M is a paraSasakian manifold.
3. Identities
Let us x loal oordinates (x1, . . . , x2n+1). We shall use the Einstein summation
onvention. In loal oordinates the equations (2.1) take the form
ηrξ
r = 1, ϕirξ
r = 0, ηrϕ
r
j = 0, ϕ
i
rϕ
r
j = δ
i
j − ξ
iηj ,
grsϕ
r
jϕ
s
k = −gjk + ηjηk, gjrξ
r = ηj .
Let M (2n+1)(ϕ, ξ, η, g) be a paraSasakian manifold. Then we have the following
identities ([13℄)
(3.15) ∇iηj = ϕij ⇐⇒ ∇iξ
j = −ϕji
(3.16) ∇rϕsi = ηigrs − ηsgri ⇐⇒ ∇rϕ
s
i = ηiδ
s
r − ξ
sgri,
where ϕij = −ϕji = gilϕ
l
j . In this ase, the vetor eld ξ is a unit Killing vetor
eld.
From (3.15) and (3.16), we have
(3.17) ∇k∇iηj = gikξ
j − ηigkj or ∇k∇iξ
j = gikξ
j − ηiδ
j
k.
Using the Rii formula, we get
(3.18) Rkislξ
l = gksηi − gisηk or R
l
kisηl = gksηi − gisηk.
From (3.16) and the Rii identities, we obtain
(3.19) ϕajϕ
b
iRablk = −Rjilk − ϕikϕlj + ϕilϕkj − gkjgil + gljgik
Transveting (3.19) with ϕjmϕlh, we have
(3.20) ϕbmϕ
l
hRbilk − ϕ
b
iϕ
l
hRbmlk = gkmgih − gmhgik + gikηmηh−
−gmkηiηh + ϕhmϕik − ϕkmϕih.
From
ϕbiϕ
l
hRbmlk = −ϕ
b
iϕ
l
h(Rmlbk +Rlbmk) = ϕ
b
iϕ
l
hRblmk − ϕ
b
iϕ
l
hRmlbk
and (3.19), we get
(3.21) ϕbiϕ
l
hRbmlk − ϕ
b
hϕ
l
iRbmlk = −Rihmk − gkigmh + gmighk + ϕhmϕki − ϕhkϕmi.
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4. Paraholomorphi setional urvature
Let M2n+1(ϕ, ξ, η, g) be a paraSasakian manifold. Let p be any point on M . We
onsider D as a subspae of Tp(M), the tangent spae of M at p, whose elements are
orthogonal to ξ, i.e.,
D = Ker η = {υ ∈ Tp(M)|g(ξ, υ) = 0}.
Let u be any unit vetor of D, i.e., g(u, u) = εu, where εu = ±1. By ξ−setion,
we mean the setion determined by ξ and u.
The setional urvature determined by the ξ−setion is said to be ξ-setional
urvature. Denoting it by k(ξ, u), we get
k(ξ, u) = εuεξRkjhiu
kξjξhui =
Rkjhiu
kξjξhui
gkiukuigjhξjξh
.
Using (3.17) and εξ = 1, we get
k(ξ, u) = −εu(gkiηj − gijηk)u
kξjui.
By assumption,
gijξ
iuj = 0 and giku
iuk = εu,
and hene we have
k(ξ, u) = −1.
Thus we obtain the following
Proposition 4.1. In a paraSasakian manifold the ξ−setional urvature is always
equal to -1.
Next we onsider the setional urvature determined by two orthogonal vetors in
D.
If υ is any unit vetor (not neessarily in D) suh that ϕυ is not isotropi, then
ϕυ lies on D. Furthermore any element of D an be written in this form.
If the setion is determined by ϕυ and ϕ2υ, whih are orthogonal to eah other,
we all the setion paraholomorphi, and the setional urvature determined by it 
paraholomorphi setional urvature. In suh ase we have
(4.22) k =
Rdcab(ϕυ)
d(ϕ2υ)c(ϕ2υ)a(ϕυ)b
gdc(ϕυ)d(ϕυ)cgba(ϕ2υ)b(ϕ2υ)a
Theorem 4.2. Let M2n+1(ϕ, ξ, η, g) be a paraSasakian manifold of dimension 2n+1,
n > 1. If the paraholomorphi setional urvature is independent on the paraholo-
morphi setion at a point, then the urvature tensor has the form
(4.23) Rmjhl =
k − 3
4
(gmlghj − gjlghm) +
k + 1
4
(ghmηjηl + gljηmηh − glmηjηh−
−ghjηlηm + ϕhjϕml − ϕhmϕjl + 2ϕmjϕhl),
where k is a onstant.
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Proof. From identity (4.22), using (3.17), we have
(4.24) k = −
(ϕdkϕ
b
iRdjhb − ηjηh(gki − ηkηi))υ
kυjυhυi
(gkj − ηkηj)(gih − ηiηh)υkυjυhυi
.
Now if we assume that k is independent on the hoie of the paraholomorphi setion
at p ∈M , then (4.24) is equivalent to
(4.25) (ϕdkϕ
b
iRdjhb − ηjηh(gki − ηkηi) + k(gkj − ηkηj)(gih − ηiηh))υ
kυjυhυi = 0
for any vetor υ. From here, we obtain
2(ϕdkϕ
b
iRdjhb+ϕ
d
jϕ
b
iRdhkb+ϕ
d
hϕ
b
iRdkjb) = −2(ϕikϕjh+ϕijϕhk+ϕihϕkj)−2k(gkjgih+
+ghjgki+gijgkh)−6(k+1)ηiηjηkηh+(1+2k)(gijηkηh+gihηkηj +gikηjηh+gkhηiηj+
+ghjηkηi + gkjηiηh) + (gijηkηh + gihηkηj + gikηjηh − gkhηiηj − ghjηkηi − gkjηiηh)
by virtue of (3.20).
Using (4.24) and (4.25), we have
3ϕdkϕ
b
iRdjhb = Rkijh −Rjihk + 3(gkighj − gihgkj)− k(gjighk + gkjghi + gkighj)+
+(k + 1)(gijηkηh + gihηkηj + gikηjηh + gkhηiηj + gkjηiηh) + (k − 2)ghjηkηi−
−3ϕijϕhk − 3(k + 1)ηiηjηkηh.
Contrating the last equation with ϕimϕ
k
l and using (3.17) and (3.19), we obtain
ϕimϕ
k
l Rijhk = 3Rljhm +Rlmjh + (k + 2)ϕhmϕjl − (k + 1)ϕmjϕhl − (k − 3)gmlghj−
−2gmjghl − gjlghh − (k + 1)ηmηjηlηh + kgihηlηm + (k + 1)glmηhηj.
The skew-symmetri part of the last equation with respet to m and j, and (3.20)
yield
(4.26) 4Rmjhl = (k − 3)(gmlghj − gjlghm) + (k + 1)(ghmηjηl + gljηmηh − glmηjηh−
−ghjηlηm + ϕhjϕml − ϕhmϕjl + 2ϕmjϕhl).
Contrating the last equation with gml, we obtain
(4.27) 2rjh = [n(k − 3) + k + 1]ghj − (n+ 1)(k + 1)ηjηh,
where rij = g
klRkijl is the Rii tensor.
1
Moreover ontrating the last equation with gjh, we have
(4.28) 2s = n(2n+ 1)(k − 3) + n(k + 1),
where s = gijrij is the salar urvature. On the other hand, from the seond Bianhi
identity, we get
(4.29) ∇i(s)− 2g
jh∇j(rih) = 0.
Substituting (4.27) and (4.28) into (4.29), we obtain
(4.30) (n− 1)∇i(s) + ηiξ
j∇j(s) = 0.
Transveting (4.30) with ξi, we get
ξj∇j(s) = 0
1
From here, M is an η−Einstein manifold (see Definition 5.4).
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and hene (4.30) implies
∇i(s) = 0 (n > 1).
Thus, the paraholomorphi setional urvature k is a onstant. 
A paraSasakian manifold is said to be of onstant paraholomorphi urvature,
denoted by M(k), if the paraholomorphi setional urvature k is onstant on the
manifold.
Theorem 4.3. Let M2n+1(ϕ, ξ, η, g) be a paraSasakian manifold with onstant para-
holomorphi setional urvature k. Then applying a D-homotheti transformation on
M , we obtain a paraSasakian struture (ϕ, ξ, η, g) on M , for whih the paraholomor-
phi setional urvature is onstant and equal to
k−3
α
+ 3.
Proof. Let M2n+1(ϕ, η, ξ, g) be a paraSasakian manifold with onstant paraholo-
morphi setional urvature k. Suppose that M2n+1(ϕ, η, ξ, g) is obtained from
M2n+1(ϕ, η, ξ, g) through a D-homotheti transformation. Using the formulas [13℄,
we get
(4.31) gjk = αgjk + α(α − 1)ηjηk,
R
l
ijk = R
l
ijk − (α− 1)(2ϕ
l
kϕij − ϕ
l
iϕjk + ϕ
l
jϕik)+(4.32)
+(α− 1)(∇jϕ
l
iηk +∇jϕ
l
kηi −∇iϕ
l
jηk −∇iϕ
l
kηj) + (α− 1)
2(δljηiηk − δ
l
iηjηk),
(4.33) rjk = rjk + 2(α− 1)gjk − 2(α− 1)((2n + 1) + n(α− 1))ηjηk,
(4.34) s =
1
α
s+ 2n
α− 1
α
.
Sine M2n+1(ϕ, η, ξ, g) is paraSasakian, the identities (3.15), (3.16) imply
R
l
ijk = R
l
ijk − (α− 1)(2ϕ
l
kϕij − ϕ
l
iϕjk + ϕ
l
jϕik) + (α
2 − 1)(δljηiηk − δ
l
iηjηk),(4.35)
From (4.23), (4.31) and (4.35) we get
(4.36) Rmjhl =
k − 3
4
(gmlghj − gjlghm) +
k + 1
4
(ghmηjηl + gljηmηh − glmηjηh−
−ghjηlηm + ϕhjϕml − ϕhmϕjl + 2ϕmjϕhl),
where k = k−3
α
+ 3. 
The hyperboloid H
2n+1
n+1 (1) has setional urvature equal to minus one [12℄. In
partiular, its paraholomorphi setional urvature is also minus one. Thus, applying
a D-homotheti transformation onH
2n+1
n+1 (1) (i.e., η = αη), we obtain a paraSasakian
manifold with onstant paraholomorphi setional urvature k = − 4
α
+ 3. Let us
denote this manifold by H(k).
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5. The PC-Bohner urvature tensor
For a paraSasakian manifold we dene the tensor B
(5.37) Bijkl = Rijkl +
1
2n+ 4
(rikgjl − rjkgil + rjlgik − rilgjk + rskϕ
s
iϕjl−
−rskϕ
s
jϕil + rslϕ
s
jϕik − rslϕ
s
iϕjk + 2rsjϕ
s
iϕkl + 2rslϕ
s
kϕij − rikηjηl+
+rjkηiηl − rjlηiηk + rilηjηk)−
k + 2n
2n + 4
(ϕikϕjl − ϕjkϕil + 2ϕijϕkl)+
+
k − 4
2n+ 4
(gikgjl − gjkgil)−
k
2n + 4
(gikηjηl − gjkηiηl + gjlηiηk − gilηjηk),
where k = − s−2n2n+2 .
By straightforward omputations from the identity (5.37) we obtain the following
Lemma 5.1. The tensor B has identities
(5.38) Bijkl = −Bjikl, Bijkl = Bklij, Bijkl +Bjkil +Bkijl = 0, g
il
Bijkl = 0,
ξiBijkl = 0, Bsjklϕ
s
i = −Bisklϕ
s
j .
Lemma 5.2. The tensor B is invariant under D-homotheti transformations, i.e.,
if η = αη, then α−1B = B.
Proof. The laim of the Lemma is diret onsequene of identities (4.31− 4.34).

Denition 5.3. The tensor B is said to be paraontat Bohner urvature tensor
(PC-Bohner urvature tensor for short).
Denition 5.4. If the Rii tensor of a paraSasakian manifold M is of the form
Ric(X,Y ) = ag(X,Y ) + bη(X)η(Y ),
a and b being onstant, then M is alled an η−Einstein manifold.
Using the PC-Bohner urvature tensor we have
Theorem 5.5. Let M2n+1(ϕ, η, ξ, g) be a paraSasakian manifold. Then M is with
onstant paraholomorphi setional urvature if and only if it is η-Einstein and with
vanishing PC-Bohner tensor.
Proof. If M is with a onstant paraholomorphi setional urvature k, then from
equality (4.23) we obtain
(5.39) rjh =
(k − 3)n+ k + 1
2
gjh −
(k + 1)(n + 1)
2
ηjηh,
(5.40)
(k − 3)n
2
=
s− 2n
2n + 2
and hene M is η-Einstein.
Using (4.23) and (5.39) we have that
(5.41) Rijkl +
1
2n+ 4
(rikgjl − rjkgil + rjlgik − rilgjk + rskϕ
s
iϕjl−
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−rskϕ
s
jϕil + rslϕ
s
jϕik − rslϕ
s
iϕjk + 2rsjϕ
s
iϕkl + 2rslϕ
s
kϕij − rikηjηl+
+rjkηiηl − rjlηiηk + rilηjηk) =
(3−k)n
2 + 2n
2n+ 4
(ϕikϕjl − ϕjkϕil + 2ϕijϕkl)−
−
(3−k)n
2 − 4
2n + 4
(gikgjl − gjkgil) +
(3−k)n
2
2n+ 4
(gikηjηl − gjkηiηl + gjlηiηk − gilηjηk).
From (5.41) and (5.40), we obtain B = 0.
Sine M is an η-Einstein manifold, we have that
(5.42) rjk = agjk + bηjηk,
where a = s2n + 1 = const. and b = −
s
2n − (2n + 1) = const. [13℄. Put B = 0 into
(5.37) to get
(5.43) Rmjhl =
k − 3
4
(gmlghj − gjlghm) +
k + 1
4
(ghmηjηl + gljηmηh − glmηjηh−
−ghjηlηm + ϕhjϕml − ϕhmϕjl + 2ϕmjϕhl),
where k = s+3n
2+n
n(n+1) is a onstant. 
If M is para CR-manifold, we may introdue the paraontat onformal urvature
tensor W pc [5℄, whih is an analogue of the Chern-Moser tensor. It is dened by [5℄
W pc(X,Y,Z,W ) = R˜(X,Y,Z,W )−
s˜
4(n + 1)(n + 2)
(g(X,Z)g(Y,W )−g(Y,Z)g(X,W ))+
+
s˜
4(n+ 1)(n + 2)
(F (X,Z)F (Y,W ) − F (Y,Z)F (X,W ) + 2F (X,Y )F (Z,W ))+
+
1
2(n+ 2)
(g(X,Z)r˜(Y,W )− g(Y,Z)r˜(X,W )+ g(Y,W )r˜(X,Z)− g(X,W )r˜(Y,Z))+
+
1
2(n+ 2)
(F (X,Z)r˜(Y, ϕW )−F (Y,Z)r˜(X,ϕW )+F (Y,W )r˜(X,ϕZ)−F (X,W )r˜(Y, ϕZ))
+
1
2(n+ 2)
(2F (X,Y )r˜(Z,ϕW ) + 2F (Z,W )r˜(X,ϕY )),
where X,Y,Z,W ∈ D.
Note that the paraontat onformal urvature tensorW pc is invariant under para-
ontat onformal transformations (Theorem 1.1 in [5℄). Theorem 1.2 in [5℄ and
Corollary 1.3 in [5℄ show that if M is a para CR-manifold, the paraontat onfor-
mal urvature tensor W pc = 0 if and only if M is loally paraontat onformal to
the standard at paraontat metri struture, with respet to the anonial para-
ontat onnetion ∇˜, on the hyperboli Heisenberg group H2n+1 or M is loally
paraontat onformal to the hyperboloid H
2n+1
n+1 (1).
Proposition 5.6. Let M2n+1(ϕ, ξ, η, g) be a paraSasakian manifold. If the vetor
elds X,Y,Z,W lie in D, then B(X,Y,Z,W ) = W pc(X,Y,Z,W ).
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Proof. For the paraSasakian manifold M2n+1(ϕ, ξ, η, g) from identities (2.12) and
(2.13) we obtain
(5.44) R˜(X,Y,Z,W ) = R(X,Y,Z,W ) − F (X,Z)F (Y,W ) + F (Y,Z)F (X,W )−
−2F (X,Y )F (Z,W ) − g(X,Z)η(Y )η(W ) + g(Y,Z)η(X)η(W )+
+g(X,W )η(Y )η(Z) − g(Y,W )η(X)η(Z), X, Y, Z,W ∈ Γ(TM).
Consequently
(5.45) r˜(X,Y ) = r(X,Y )− 2g(X,Y ) + 2(n+ 1)η(X)η(Y ), X, Y ∈ Γ(TM).
Besides, s˜ = s− 2n.
For X,Y,Z,W ∈ D the PC-Bohner urvature tensor has the form
(5.46) B(X,Y,Z,W ) = R(X,Y,Z,W ) +
1
2(n + 2)
(g(X,Z)r(Y,W )−
−g(Y,Z)r(X,W ) + g(Y,W )r(X,Z) − g(X,W )r(Y,Z)) + F (X,Z)r(Y, ϕW )−
−F (Y,Z)r(X,ϕW ) +F (Y,W )r(X,ϕZ)−F (X,W )r(Y, ϕZ) + 2F (X,Y )r(Z,ϕW )+
+2F (Z,W )r(X,ϕY ))−
k + 2n
2n+ 4
(F (X,Z)F (Y,W ) − F (Y,Z)F (X,W )+
2F (X,Y )F (Z,W )) +
k − 4
2n+ 4
(g(X,Z)g(Y,W ) − g(Y,Z)g(X,W )).
From equalities (5.44) and (5.45), for X,Y,Z,W ∈ D, we get
(5.47) R˜(X,Y,Z,W ) = R(X,Y,Z,W ) − F (X,Z)F (Y,W )+
+F (Y,Z)F (X,W )− 2F (X,Y )F (Z,W )
and
(5.48) r˜(X,Y ) = r(X,Y )− 2g(X,Y ), s˜ = s− 2n.
From (5.46), (5.47) and (5.48), we obtain B(X,Y,Z,W ) = W pc(X,Y,Z,W ). 
6. Proof of Theorem 1.1
Suppose thatM2n+1(ϕ, ξ, η, g) is a paraSasakian manifold with onstant paraholo-
morphi setional urvature k. From equalities (3.15), (3.16) and identities (4.23),
(2.12), we obtain
(6.49) R˜mjhl =
k − 3
4
(gmlghj − gjlghm + ghmηjηl + gljηmηh − glmηjηh−
−ghjηlηm + ϕhjϕml − ϕhmϕjl + 2ϕmjϕhl).
i). If k = 3, then R˜mjhl = 0 and Theorem 4.2 of [5℄ shows that M is loally
isomorphi to the hyperboli Heisenberg group H
2n+1
;
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ii). Let k 6= 3. We shall adopt the following onvention: x, ∇˜, R˜,. . . shall stand
for points, onnetion and tensors of the manifold M . On the other hand,
x∗, ∇˜∗, R˜∗,. . . shall stand for points, onnetion and tensors of the manifold
H(k).
First, let us note that ∇˜T = 0 and ∇˜R˜ = 0. Indeed, the rst one follows
from the fat that the horizontal part of the torsion T is zero and the identities
(2.14). The seond one is yielded by the identities (2.14) and the fat that
the urvature tensor R˜ has the form (6.49). Thus we have that the manifold
M and the onnetion ∇˜ are analyti [8℄.
For any point x of M and x∗ of H(k), let (e1, ..., en, ϕe1, ..., ϕen, ξ) and
(e∗1, ..., e
∗
n, ϕe
∗
1, ..., ϕe
∗
n, ξ
∗) be orthonormal basis at x and x∗ respetively.
We dene a linear isomorphism F : Tx(M) → Tx∗(H(k)) by Fei = e
∗
i ,
Fϕei = ϕe
∗
i (i = 1...n) and Fξ = ξ
∗
. Then we have Fϕ = ϕ∗F . Sine both
paraholomorphi setional urvatures are equal to k, F maps R˜ into R˜∗, F
being onsider as map of tensor algebra. The ovariant derivatives of ϕ and
ξ are written in terms of ϕ, ξ, g and hane the ovariant derivative of R is
expressed by ϕ, ξ and g, that is, F maps (∇˜R˜)x into (∇˜
∗R˜∗)x∗ . Likewise, we
see that F maps (∇˜lR˜)x into (∇˜l
∗
R˜∗)x∗ for every positive integer l. Then
we have an isomorphism f of M onto H(k) suh that f(x) = x∗ and the
dierential of f at x is F (e.g. Theorem 7.2, p. 259 in [8℄). We then have
that (∇˜ξ)x is mapped to (∇˜
∗ξ∗)x∗ . Thus we have
(∇˜∗(fξ))x∗ = f · ((∇˜ξ)x) = F ((∇˜ξ)x) = (∇˜
∗ξ∗)x∗ .
Sine f is an isomorphism, fξ is also Killing vetor eld. By (fξ)x∗ = ξ
∗
x∗
and ∇˜∗(fξ))x∗ = (∇˜
∗ξ∗)x∗ , we get fξ = ξ
∗
. Beause ϕ and η (ϕ∗ and η∗)
are determined by g and ξ (g∗ and ξ∗), f is an isomorphism between M and
H(k).
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